Although existing test data on creep of concrete at constant temperature and constant specific water content can be accurately described by the double power law,I-3 certain deviations seem to be systematic rather than random. In particular, the final slope of the curves of strain versus the logarithm of loading duration appears too steep for tests of long duration.
A preceding work 4 showed that final slopes that agree with test data can be attained by introducing at a certain time a transition from the double power law to a logarithmic law, in which the curves of strain versus log-time are straight lines of the same slope for all ages at loading with the load duration at the transition increasing with a higher age at loading. In that work 4 the transition from the power curve to the logarithmic curve was considered to occur suddenly, with a discon-ACI JOURNAL I September-October 1985 tinuous change in curvature, but without a discontinuous change in slope. However, from the viewpoint of the physical mechanism of creep, there is no reason for a sudden transition from one creep law to another. Therefore, a creep law that is smooth and approaches asymptotically the double power law for very short load durations and the logarithmic law for very long load durations seems more realistic. Furthermore, a smooth creep law is preferable for the extrapolation of shorttime creep data. Development of such a creep law is the objective of this work.
REVIEW OF DOUBLE POWER LAW
The basic creep of concrete, i.e., the creep at constant temperature and constant specific water content, may be relatively well-described by the double power law'-3 7 presented supporting arguments based on the activation energy theory, and Cinlar, Bazant, and Osman 2 gave other supporting arguments based on a certain reasonable hypothesis for the stochastic nature of the creep process.
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Some investigators believed the power function of ( -(' predicted too much creep for load durations beyond about one month. This conclusion, however, was reached by applying the power function to only that part of the creep strain that is in addition to the conventional short-time strain, which corresponds roughly to the load duration of 0.1 day. The horizontal asymptote 1/ Eo is then too high, and to fit the data for medium load durations (up to about 30 days) a relatively high exponent n (about n == \13) is needed. This causes the power curve to shoot above the data points for longer durations. However, if the power function is applied to the entire creep strain, including that which occurs for extremely short load durations in the dynamic range (about 0.001 sec), the power function becomes acceptable even for relatively long durations (several years). In this case, exponent n is then about 1s, which is small enough to prevent the power curve from overshooting the long-time data points [ Fig. l(a) ]. In addition, the inclusion of all creep strain under the power law allows 1/ Eo to be considered as age-independent, whereas in the earlier formulas it was necessary to use an age-dependent short-time modulus E(t').
Although the double power law is formulated for basic creep, i.e., the creep of sealed specimens, it is not irrelevant for many structures exposed to weather. For walls over approximately 1 ft thick, only a small part of the initial water content is lost during a normal lifetime of 50 years, whereas for a 6-in. cylinder most of the initial water content is lost within lO years, as diffusion calculations confirm. Consequently, the creep of such walls is closer to that of a sealed cylinder than to that of a 6-in. cylinder exposed to drying.3
LOG DOUBLE POWER LAW
With (t -t')n = en' if ~ = In(t -t'), the power curves plotted in log-time scale appear as exponential curves, the slope of which is steadily increasing. However, the prevalent trend of long-time creep measurements indicates that the slope becomes constant when a certain limiting slope b, common to the curves for all ages t' at loading, is approached. This was already noted in Reference 4. Thus it appears that for very long load durations the creep law should asymptotically approach the form (2) which is similar to the logarithmic law proposed by Hanson Fig. l(b) ]. This agrees with the fact that a constant slope b in the log-time scale appears to be reached fairly early if t' is small, and very late or hardly at all if t' is very large.
As with the double power law, Eq. (3) can in principle be applied to only basic creep, which represents a constitutive property of the material. It is often overlooked that the additional creep due to drying, as known, is not a constitutive property. Rather, it is an average property of the specimen as a whole, since the available test data represent the overall deformation of specimens in which drying caused highly nonuniform transient distributions of moisture content and stress and produced microcracking. Consequently, an empirical description of the mean creep of drying specimens requires much more complicated formulas.
The logarithmic law of Hanson and Harboe, !4,15 which has the form J(t,t') = lIE(t') + B log(l + tt') where t -t' is in days, is equivalent to the limiting case of Eq. (3) for very long t -t', i.e., to m -+ 00, a 1/11 = 1, n = 1, and Eo -+ E(t').
VERIFICATION BY TEST DATA FROM LITERATURE Eq. (3) contains six material parameters (Eo, n, m, a, 1/10' 1/11) that must be determined from test data. This may be efficiently accomplished by computer optimi-
zation in which the sum of squared deviations A of Eq. (3) from the given data is minimized. A suitable library subroutine for this purpose is the Marquardt-Levenberg algorithm, which is often used for the fitting of creep data.! The data used in this optimization were drawn from a computerized data bank set up at Northwestern University,2,16 which contains most of the test data available in the literature.
The raw measurements as found in the literature were replaced by visually hand-smoothed curves. These curves were characterized by data points placed on the curves at regularly spaced intervals in the log (t -t') scale. This eliminates the bias due to crowding of data points in some portions of the log-time scale, as found in most reported data, and mitigates also to some extent the measurement error, which is not felt by real structures.
The solid lines in Fig. 2 represent the calculated optimal fits achieved for the test data from References 14, 15, and)7 through 23. These fits seem satisfactory and better than any others achieved previously, The corresponding values of the material parameters for each concrete, obtained by computer optimization, are also listed in Fig. 2 .
The error of the log double power law may be characterized by the overall coefficient of variation W of the deviations from test data ( 1 N )11
in which lij (i == 1, . . . n) are the characteristic data points for the data series number j which are placed at regular spacings in log-time on the hand-smoothed measured curves; Aij is the vertical deviations of Eq. (3) from these characteristic data points; ~ is the mean compliance value for data series number j; Wj is the coefficient of variation of the deviations from test data for data series number j; and j = 1, . . . N are all the data series considered. The values of Wj and ware summarized in Table 1 (Column LDPL). For comparison, (Table 1 ). The improvement is appreciable but not drastic, which is not surprising since the capability of the double power law to represent test data is already quite good.
Similar to a previous studt in which an abrupt transition from power curves to logarithmic curves was used, a more significant improvement is found in the representation of the final slopes of the measured longterm creep curves, which is important for the extrapolation of creep measurements. The final slopes were
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,.../. ACI JOURNAL I September-October 1985 determined graphically as illustrated in Fig. 2 and 3 by the dashed straight lines. The deviations of the slope aJ(t,t')lalog(t -t') calculated from Eq. (3) for the last sampling time have been analyzed statistically, and their coefficients of variation (combined for all t'), along with the corresponding values for the double power law, are listed for each data series in Table 2 . For the latter, the coefficient of variation for the final slope deviations is found to be WI = 34 percent while for our log double power law this is reduced to WI = 19 percent. The improvement here is indeed significant.
In the fits shown in Fig. 2 , we may detect one undesirable feature: the curvature of the creep curves at very short load durations (less than 1 day) is often too high, as are the compliance values at the beginning of the creep curves, particularly for high t' . The problem is in the value of exponent n. The optimum values of n listed in the figures are mostly around Y3, while fitting of the same test data with the double power law yields n = lis. The latter value gives just about the correct leftward extrapolation into the dynamic range, i.e., a correct dynamic modulus, whereas for n == YJ the dynamic modulus is obtained too close to the static modulus of elasticity.
Compared to the previous study in which a sudden transition from the power curve to the logarithmic function was used, here we have the advantage of a smooth formula without a sudden change in curvature, 
n -1 i_I n -1 i= I
• C1x + Co. Thus, the sum cP of the squared vertical deviations of the data points from the straight regression line is a measure of the error. The initial estimates of the values of m, n, a, and 1/11 may be improved by carrying 670 out the regression for various estimates and then picking the one which gives the smallest cPo If the formula [Eq. (3)] were perfect, then C I should be 1 and Co should be 0. Statistical regression analysis, shown in the plot in Fig. 3 , yields for C 1 and Co values that differ only slightly from 1 and 0, respectively, if the values of the material parameters m, n, a, and 1/11 previously obtained by nonlinear optimization are used. This is another confirmation of the optimization results.
Regression analysis has the advantage of providing statistics, such as the confidence limits, as a function of x; see the dashed curves in Fig. 3 , which represent the 95 percent confidence limits. Although these curves look straight, due to the large size of the data set and a small coefficient of variation, they actually have the shape of hyperbolas and diverge as the distance from the centroid of the data set increases. In this manner, the confidence limits increasingly separate when the test data are extrapolated to longer times. A useful feature of the regresssion plot in Fig. 3 is that it permits combining the data from different laboratories for different concretes. This greatly broadens the statistical basis.
Alternatively, another linear regression is possible by choosing the values of Eo, 1/10' m, and a in advance and
Here, straight-line regression of y versus x yields n as the slope and log 1/11 as the intercept. This type of regression plot, however, is usually quite scattered, since the value of y appears to be sensitive to small changes in the parameters. For comparison, the same type of regression as in Fig. 3(a) is shown in 3(b) for the double power law.
Here y == Eol(t,t') -1, and x = cPl(t' -m + a) «( -t')". Again, the log double power law yields narrower confidence limits than does the double power law (Fig.   3 ). (The definitions of x for Fig. 3(a) and (b) are different, and thus the scales are not the same.)
Another interesting plot is that of J(t, (') versus log t (Fig. 2) . This plot should approach a straight line asymptotically for very large ( (different straight lines for different ('). The plots in Fig. 2 clearly confirm such an asymptotic trend, thus confirming the transition to a logarithmic law. However, such plots are not useful for small values of «( -t' )/( because they crowd the data points together.
DIVERGENCE OF CREEP CURVES
The double power law is known to exhibit a certain questionable property. 12, 24, 25 The creep curves for different ages (' at loading begin to diverge after a certain load duration ( -I' = ()D is exceeded. This property causes their shape to be nonmonotic when creep recovery curves are calculated from J (t, (') on the basis of the principle of superposition.
Although this might seem puzzling, no fundamental (thermodynamic) reason exists that would prohibit divergence and nonmonotonic recovery in the case of an aging material. .. ' .
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t-t'(days) Fig. 4 -Curves obtained when material parameters are predicted from strength and composition of concrete (,) , ---------" Canyon Ferry Dam.1958 Dworsha.k Dam,1968 , and Canyon Ferry Dam 14 ,15 calculated from superposition principle after data smoothing with double power law and log double power law been observed in some experiments. For example, the divergence can be visually recognized in the measured plots of J(t, t') versus log t in Fig. 2 . Nevertheless, there exists no reason why divergence should occur. Moreover, it might be that observed divergence is caused by some nonlinear phenomena,24 which cannot be described by the compliance function. For these reasons, and because divergence causes some computational problems, it is probably preferable to avoid or limit its occurrence as far as test data permit.
Divergence occurs when the creep curve for a higher age at loading t I and the same t has a smaller slope aJ(t,t')lat, i.e., when a 2 J(t,t')lat at' is negative, which is what we want to avoid. Differentiation of Eq. (3) yields
and so divergence does not take place as long as a 2 
J(t,t')
at at'
The inequality of Eq. (9) implies that fl + h ~f2' The duration t -t' at which divergence begins is the solution of this inequality. An explicit solution, however, is impossible.
Evaluating the magnitudes of fl, f2' and fJ for the various data sets and various t and t ' ,fl is usually small as compared to fz and fJ' Thus the condition of nondivergence may be approximately stated as h ~ f2' and this inequality can be solved explicitly for t -t', yielding 672 This is a sufficient condition but not a necessary one because fl was neglected. The exact limit on t -t ' is larger than Eq. (11) indicates, but usually it is only slightly larger (Table 3) .
Divergence cannot be totally prevented and will always occur at sufficiently long load durations. For the double power law, 24 the nondivergence condition leads to fl ~ f2 rather than fl + fJ ~ f2' Since always h > 0, the range of non divergence for our log double power law is always broader (actually much broader) than it is for the double power law. Moreover, after the adjacent creep curves start to diverge, they are found to increase their separation by only a little, much less than one finds for the double power law; see the plots of J(t,t ' ) versus log t in Fig. 2 . Thus the recovery curves calculated from J(t, t ') on the basis of the superposition principle would never be too far from a monotonic curve.
STRESS RELAXATION PREDICTIONS
Stress relaxation at constant strain, unlike creep recovery, may be closely predicted from J(t,t') on the basis of the principle of superposition. This is confirmed by relaxation measurements. 26 Although measurements for very long durations t -t' of imposed strain are lacking, frequently it is found that the relaxation curves calculated from J(t, t') cross into negative values of stress at very long t -t ' (over 10 years) if t' is small. This is usually found when the actual measured compliance values are used and when they are smoothed by the double power law.
From the thermodynamic viewpoint, no fundamental law exists that would prohibit such negative values when one deals with an aging material. 25 Nevertheless, in absence of experimental support, such behavior seems suspicious, especially since it is not clear whether it might be caused merely by some random scatter of compliance measurements or by an error in the formula for the compliance function (or by some nonlinear phenomena). Although not imperative, we prefer a compliance function that avoids or minimizes the occurrence of negative values of the associated relaxation function. Fig. 5 shows examples of the relaxation curves, which were calculated on the basis of the superposition principle (using a highly accurate step-by-step algorithm 27 ,28) from the compliance functions that give the optimum ACI JOURNAL I September·October 1985 fits of the test data for Dworshak Dam 17 and for Canyon Ferry Dam. 14 ,15 While the relaxation curves do cross at long times into negative values for the double power law, this does not happen for the present log double power law.
EXTRAPOLATION OF TEST DATA
The more realistic representation of the slope of the long-time creep curves, as well as the smoothness of the log double power law, is particularly useful for extrapolating short-time measurements into long-time measurements. This will be demonstrated using the measurements of Rostasy et aI., 22 which represent one of the best controlled and least scattered creep measurements available (Fig. 6) . Assume that only the measurements up to load-durations t -t' = 6 months are known. The optimum fit of these data is obtained by linear regression as described previously. This yields the solid curve plotted in Fig. 4 . This curve is very close to the remaining measurements, which demonstrates the extrapolation capability of the log double power law.
For comparison, Fig. 6 also shows the extrapolation obtained when the data up to 6 months duration are fitted by the so-called Ross' hyperbola (dashed lines). This hyperbola represents a widely used method. 13, 29 The extrapolation is very poor, which reinforces recent negative conclusions about this extrapolation approach. 13 ,29 CONCLUSIONS 1. The final slopes of long-time creep curves as given by the double power law are predominantly on the high side when compared to long-term measurements. This may be remedied by the log double power law, which exhibits a continuous transition from a power curve to a straight line in the logarithmic scale of load duration. The slope of this line is the same for all ages at loading, and the younger the concrete the earlier the transition occurs.
2. The log double power law appears suitable for extrapolating short-time creep measurements to long load durations.
3. The exponent of the initial power curve is higher than that for the double power law (about YJ instead of about \Is). This has the disadvantage that the log double power law does not apply for very short load durations (under 0.1 day) and especially not for the dynamic range, whereas the doubie power law does apply for this range. This is the price paid for better longterm extrapolation. 4. The aforementioned disadvantage for very short load durations does not exist for the previously formulated double power logarithmic law, in which the transition from a power curve to a logarithmic curve is sudden, with a discontinuous change in curvature. The continuity of curvature in the present formulation is, however, advantageous for extrapolation of test data.
5. The log double power law (same as the previous double power logarithmic law) significantly restricts the occurrence of divergence of creep curves for various ACI JOURNAL I September-October 1985 6. The present formulation (similar to the previous double power logarithmic law) also greatly reduces the occurrence of negative stress values at the long-time tail of stress relaxation curves calculated on the basis of the principle of superposition.
7. Compared to the double power law, the present formulation achieves only a small improvement in the overall coefficient of variation for the deviations from the bulk of the test data reported in the literature. However, a significant improvement is achieved in the coefficient of variation for the deviations of the final slope of the measured creep curves from that predicted by the present formula. (These features are the same as for the previous double power logarithmic law.)
A further improvement of the concrete creep law is given in the paper "Triple Power Law for Concrete Creep," by Bazant and Chern, Journal of Engineering Mechanics, ASCE, V. 111, 1985, pp. 63-83.
